The two-loop (order α ′ ) β-function equations, which are equivalent to the equations of motion of α ′ -corrected string effective action, are considered for anisotropic homogeneous space-times. These equations are solved for all Bianchi-type models in two schemes of effective action, namely R 2 and Gauss-Bonnet schemes with zero cosmological constant and then the metric, dilaton and B-field are found at α ′ perturbative corrections.
Introduction
The application of low energy, tree-level string effective action for describing the evolution of early universe with a very low coupling, g = e −φ , and curvature is well accepted [1, 2, 3, 4] . Solutions of the low energy string effective action have been found in several cosmological backgrounds. For example, the case of FriedmannRobertson-Walker (FRW) backgrounds have been discussed in [5] , homogeneous anisotropic space-times with contributing of the antisymmetric tensor field have been investigated in [6, 7, 8] , (4+1) dimensional homogeneous anisotropic models have been studied in [9] and inhomogeneous models have been discussed in [10, 11] . However, evolving the universe toward a strong coupling, dilaton and curvature will gain an inevitable accelerated growth [12, 13] . But the singularity of curvature and coupling is widely believed to be regularized by the expansion of the leading order effective action and including higher-order corrections [14, 15, 16] . Generally, there are two types of expansions consisting of a quantum nature expansion in string coupling named string loop expansion and a stingy type α ′ expansion, where the string-length is λ s = √ α ′ [4] . The α ′ -corrections are commonly considered for regularizing the curvature. Consideration of the α ′ -corrections to the low energy effective action is important in the case of high curvature, where the loop-corrections are significant when the string coupling is strong enough. So, until the coupling is sufficiently small in the high curvature regime the loop corrections can be neglected and the α ′ -corrections are included only [4] . Vanishing of the two-loop β-function equations of the corresponding σ-model which are the requirement of the conformal invariance of the theory up to two-loop, are equivalent to the background field equations of motion of the α ′ -corrected string effective action in the string frame. The two-loop β-functions and the possible higher order α ′ -correction terms to the string effective actions are investigated in [17, 18] . These corrections are generically quadratic type terms and give higher order time derivative field equations. There is a renormalization scheme (RS) dependence in the two-loop order of β-functions and their α ′ -corrected effective action, where the two Gauss-Bonnet and R 2 schemes are distinguished [17] . The effective action of the former case has nice properties like being unitary, physical ghost free and having O(d, d) symmetry which is related to the T-duality [19, 20, 21] .
The α ′ -corrected field equations for massless string modes have been solved for several classes of backgrounds such as black hole [22, 23, 24, 25] and cosmology [26, 27, 28, 29, 30, 31, 32, 33, 34, ?, 36] . The dynamics of the Bianchi IX and I universe in Gauss-Bonnet gravity from the 1-loop superstring effective action have been investigated in [37] , [38] . There are some works on solving two-loop β-function equations, for instance, in the [36] , where the antisymmetric B-field is set to zero and the metric and dilaton fields are considered only.
In fact, in the presence of the quadratic corrections the equations are not easy to solve. Furthermore, if the B-field is considered too, the equations become more nontrivial. There are some few classes of such solutions, for example [39, 40] , where the equations of motion of the effective field theory are considered. Here our goal is to investigate the solutions of two-loop β-function equations with a dilaton and a B-field contributions on homogeneous anisotropic space-times. Indeed, the RS dependence of the two-loop β-functions appears in the presence of an antisymmetric B-field. Therefore, including the B-field requires considering the RS dependence and the two useful schemes of R 2 and Gauss-Bonnet are our interests. The paper is organized as follows. In section 2 we recall the general form of two-loop β-functions of the two RS. In section 3 we derive the explicit forms of the two-loop β-function equations on the anisotropic homogeneous space-times in terms of Hubble coefficients of the string frame, dilaotn and B-field in the R 2 and Gauss-Bonnet schemes. In Section 4 we present the solutions of the β-function equations in all Bianchi-type models. Finally, the main results of this paper are finally summarized in Section 5 .
2 Two-loop (order α ′ ) β-functions and α
′ -corrected string effective action
Vanishing of the β-functions of σ-model is the requirement of conformal symmetry of the theory [41] . On the other hand, the β-functions are equivalent to the equations of motion of the effective action [17] . The two-loop β-functions, the α ′ -corrected effective actions and the on-shell equivalence of the equations of motion of the effective action and the conformal invariance conditions in α ′ order have been considered in [17] . Generally, the β-functions of the σ-model with the backgrounds of dilaton φ, antisymmetric B-field and metric G are given by [17] 
where the β G µν , β B µν and β φ are the standard RG β-functions. The field strength H is defined by H µνρ = 3∂ [µ B νρ] and the W µ and L µ are given by the renormalization matrix as follows [41] 
There is a RS dependence in β-function equations at two-loop order in the presence of B-field. These equations are calculated in [17] where the R 2 and Gauss-Bonnet schemes are pointed especially. By choosing any of RS's, the resulting β-functions will be different, but transformation between the RS's can be easily done by using the leading order of equations of motion and appropriate field redefinitions [17, 18] . Solutions of the β-function equations of any RS will be different, but still equivalent because they belong to different definitions of physical metric, dilaton and B-field. The two-loop β-functions of the metric, B-field are as follows [17] 1 α ′β
where
and theR ρ µνσ is the Riemann tensor associated with the generalized connection for the σ-model torsionΓ
1 The f parameter indicates the RS dependence and especially the f = 1 and f = −1 are correspond to the R 2 and Gauss-Bonnet schemes, respectively.
For the effective action, there are two parameterizations namely the σ-parameterization and the s-parameterization where their metrics are related with each other in 4 dimensional space-time bȳ
Alternatively, these two parameterizations indicate two frames called respectively string frame, G
µν , and Einstein frame,Ḡ (s) µν . The α ′ -corrected effective action in the σ-parameterization is given by [17] 
Its variation with respect to the dilaton gives the averaged β-function of dilaton,β (φ) , which can be written in terms of metric and dilaton β-functions as follows
and is given by
Furthermore, the Gauss-Bonnet effective action s-parameterization in 4-dimensions for bosonic string is given by [17] 
In fact, the α ′ -corrected effective action in its most general form is parametrized by 20 constants [42] . Since S-matrix is invariant under the field redefinitions of type [42] 
there is a field redefinition ambiguity and we have a class of physically equivalent effective actions [43] . The (14)-(16) can leave 3 constants together with 5 combinations of the 20 constants invariant. Thus, the α ′ -corrected effective action is parametrized by 8 essential coefficients and it is easy to relate it to the Gauss-Bonnet effective action by an appropriate field redefinition and using the leading order equations of motion [17] . Hence, in the σ-model context, if one works with the higher order corrections in effective field theory and the equations of motions, it is convenience to transform by the field redefinitions to the Gauss-Bonnet effective action which has no higher than second derivative in its field equations and is free of ghost. The 8 essential coefficients that parametrize the α ′ -corrected effective action must be fixed by comparison with the S-matrix [17] . Also, the twoloop β-functions and the equations of motion of the effective action are identical if a field redefinition is applied
[17]. Working with the field equation in the effective field theory, the field redefinitions may be considered, for instance as it has been done in [39] . In this work, we will not redefine the fields and maintain in the convention provided by the β-functions. Moreover, it is worth mentioning that in a non-critical D dimensional bosonic theory, the constant Λ equals to
The Bianchi-type dependent term V (2) φ term which is produced by the two-loop order of dilaton β-function will be given in the next section.
The solutions of the one-loop β-function equations on anisotropic homogeneous space-time with the field strength of (19) have been investigated in [7] . Here, our purpose is to solve the two-loop β-functions on both RS. For performing this, we implement a perturbative series expansion in α ′ up to first order on the background fields as following
In (27) a series expansion for the Einstein frame scale factors a 2 i e φ has been introduced. In fact, all of the β-function equations are in the string frame. However, we will briefly write them in terms of Einstein frame scale factors. Now, it is worth to introduce a new time coordinate τ [7] dτ = a −3 e −φ dt.
where a 3 = a 1 a 2 a 3 . In the new coordinate τ , putting the β-functions (20) , (21) and (24) zero, we come to solve the equations. Theβ φ equation (24) with using (20) and (21) leads to the following two equations in the zeroth and first order of α ′ , respectively
where the prime stands for the derivative with respect to the τ . The ρ term denotes the inhomogeneous part of the nonlinear equation and is given as following
0 .
The hatted K and V stand for the corresponding terms in the τ coordinate multiplied with a a 6 e 2φ0 factor. TheV terms of every Bianchi model will be given in the next section. TheK terms based on (22) , (23) and (25) with using (29) are given as followŝ
3 The classification of Bianchi-type models and their structure constants are given on the appendix A.
Now, the solution of (30) gives the zeroth order of dilaton as following
and the (31) equation has the following general solutions for the first order of dilaton
where the n, Q 1 and Q 2 are arbitrary constants. The ρ varies in Bianchi models and hence the φ 1 will be different for any type after integrating. The ρ term of any Bianchi-type will be expressed in the next section. Furthermore, in the new time coordinate τ , the (i, i) components of β-function equations of metric (20) can be rewritten with using the (30) and (31) to get the following general form
where the g i terms are defined as follows
where the ρ andK i are given by (32) and (33) . TheV
i,1 are taken to indicate the zeroth and first order of the termV
i,1 , and will be obtained expansion ofV by using the (26) and (27). TheV can be regarded as two-loop potentials. As it will be seen in the next section, in the first order of α ′ theV (1) i,1 terms will determine the nonlinear part of the equations while the g i will be the inhomogeneous part of differential equations. Depending on theV terms, the solutions of (38) differ in each Bianchi-type and will be discussed in the next section.
Moreover, by rewriting the time-time component of metric β-function equation (21) in the new coordinate and using the (30) , (31) and (38) , the following initial value equation is obtained
4 An another solution for (31) can be of the following form
The first brackets in this equation (the coefficient of the (1 + α ′ ξ 4 )) contain terms which are originated from the leading order of β-function equations. It has been shown in [7] that this is just a constraint between some integrating constants which appears in the solutions of dilaton and scale factors. Here, we have a generalization of this equation which its common feature between all Bianchi-type is that the first brackets and the last brackets of it could not vanish simultaneously. Thus, we regard this equation as an initial value equation which determines the correction of the lapse function, ξ 4 in (28) 
and
with demanding q 2 = 0. Here, the general form of ξ 4 is found in terms of ρ andV and the explicit answers for any case of Bianchi-types will be calculated in the next section.
The solution of two-loop β-function equations (6)- (8) and (12) provides a conformal invariance only to the first order in α ′ . In this order, the α ′ -corrections of quadratic curvature corrections type α ′ R 2 are introduced by the β-functions to the effective action which are significant when curvature grows. Principally, recommended by the conformal invariance condition, when Rα
1, all the orders of α ′ -corrections series should be considered [50] . However, in this paper, we consider only the first order α ′ -corrections. It is worth mentioning, even to this level the higher-derivative corrections are significantly applicable to remove curvature singularities [27, 49] .
According to (19) and dilaton solution (36) , the kinetic terms of the B-field and dilaton in (10) and the string coupling g s = e −φ are given by
It will be seen in the next section that the zeroth order scale factorsā i have no dependence on the A constant. Also, string frame curvatures of the Bianchi model with the considered metric here, are usually proportional to A −1 . Hence, if the field strength magnitude A be small enough, then the curvature and kinetics of models will be in high limit so the α ′ -corrections become important. For instance, if the A is supposed to be of order α ′ , the models will be in Rα
1 limit. Furthermore, with a small A constant the string coupling g s start in the weak limit where the loop-corrections in the effective action are negligible. However, the g s is an increasing function of time and it may creep into the strong coupling limits at late times.
The solutions
In the previous section the general form of β-function equations in terms of dilaton and Hubble coefficients has been presented in (30) , (31), (38) and (40) . The general solutions of dilaton in zeroth and first order of α ′ and the correction of lapse function have been found in (36) , (37) and (42) . In this section, by finding the Bianchi-type dependentV terms of any Bianchi-type group examples, the solution of the (38) equations is investigated.
Bianchi-type I
The structure constants of I type are zero and allV terms this model vanishes. So, withV i =V
= 0 the equations of (38) give the following equations respectively in the zeroth and first order of α
The g i , which have been defined in (39) , are reduced to ρ 2 +K i in this Bianchi-type. The solution of (46) gives the zeroth order of the Einstein frame scale factors of (27) as following [7] 
where the p i and L i are arbitrary constants. Then, with using (48), the solution of (47) determines general form of the first order of the Einstein frame scale factors X i , as following
Now, substituting the dilaton (36) and scale factors (48) in the ρ (32),K i (33) andK 0 (34) we obtain
The q 2 constant in (41) in this Bianchi-type is given by
Now, the appeared integrals in the φ 1 (37), ξ 4 (42) and X i (49) can be calculated for finding the metric and dilaton corrections. For choosing any value for p i s, the q 2 = 0 condition should be considered.
Some Physical Properties of an isotropic example in the Bianchi-type I
In Appendix C, a set of answers for metric and dilaton corrections is given with an isotropic parametrization p 1 = p 2 = p 3 = 1/3 and n = 1 through (220)-(222). Regarding the kinetic of B-field and dilaton in (43) and (44) and the string Ricci scalar of this example which is given by
it is clear that if the A supposed to be very small (of order α ′ ), the model will be in the high curvature and high kinetics limits and the inclusion of the α ′ -correction becomes necessary. The curvature of this model is decreasing so the corrections become significant in the early times near τ = 0. Here, we come to investigate some properties of this specific example and consider some physical quantities such as Einstein frame mean Hubble parameter and deceleration parameter which are given bȳ
Here the dot stands for derivation with respect to Einstein frame time, which is called cosmic time, such thaṫ
The answers have been given in terms of τ . Now, there are two equivalent ways for investigating the behavior ofȧ andä; first, by rewriting the solutions int terms by finding the relation betweent and τ using (29) and (9); second, just rewriting the derivatives ofȧ andä in terms of τ derivatives. The former way is applicable here but it is not generally suitable for other models, where the latter one can be used in every model. Here, following the first procedure, we consider the Einstein frame metric which according to (9) , (17) and (18) takes the following form in this isotropic example
, the cosmic timet and the τ , which has been introduced by (29) , would have the following relation
where thet 0 is used for coinciding the beginning of the two time coordinates. Fortunately, in the Bianchi-type I model with the scale factors given by (48) it is easy to find τ in terms oft as following
wheret 0 is fixed as
pi . Now, substituting (65) (48) , (36), (220), (221) and (222), the α ′ -corrected dilaton and Einstein frame scale factors are found in terms of cosmic time and their behavior could be investigated.
In this example, if the zeroth order is considered only, the solution (48) will haveȧ > 0 andä > 0 and consequently describe a decelerated expanding universe with no inflation. Furthermore, in this order the strong energy condition is satisfied and there is an initial singularity [7] .
The behavior ofȧ andä of the corrected scale factors are being investigated, with choosing A = α ′ , L = 1.1, l 1 = 1/11, c 1 = −1, ϕ 0 = 1 and Q 1 = 11 in the Gauss-bonnet scheme and A = α ′ , L = 1.1, l 1 = 0.5, c 1 = 1.5, ϕ 0 = 2.2 and Q 1 = 11 for the R 2 scheme. 5 In the high curvature limit (which is until aboutt = 0.5 in these parameterizations) we haveȧ > 0, but the sign ofä changes such that it is negative neart = 0 and then, before leaving the high curvature limit, becomes positive. So, until the corrections are significant, the α ′ -corrected answer describes an expanding universe which has a decelerated phase in the early times and then becomes accelerated. After leaving the high curvature limit, the behaviors ofä andȧ turn into the leading order behavior and become negative.
Also, obeying the strong energy condition in the case that the higher order correction terms contribute to the right hand of Einstein frame field equations, may be considered. For the Bianchi-type models the strong energy condition requiresk + 1 3 k 2 < 0, where k is the extrinsic curvature [51] . With the considered diagonal metric in this paper, we have k = ȧ i /ā i and the strong energy condition leads toä < 0. In the accelerated phase of our considered example, withä > 0, there is a violation of the strong energy condition which is a necessary (but not sufficient) condition of avoiding singularity [52] . So, the singularity of the leading order has been cured in some regions in the early time by introducing the higher order correction in the action. This period in the Bianchi-type I model may be regarded as a cosmological inflationary phase [53] .
Furthermore, the expansion is rapid at first but then slow down without any singularity inH. Hence, if it is considered as an inflationary phase followed by a standard phase, it will be free of graceful exit problem. This kind of nonsingular behavior (no graceful exit problem) of the Bianchi-type I model with superstring-motivated Gauss-Bonnet term with dilaton and modules fields have already been investigated in [37] .
Bianchi-type II
In Bianchi-type II theV terms are given bŷ
With these potentials, the β-function equations (38) give the following nonlinear equations in the zeroth order of α ′ [7] (ln a
and in the first order of α ′ give
The general solutions of (72)-(74) are given by [7] 
The general solutions of (75)-(77) equations are found as follows
where the Q 3 and Q 4 are integrating constants and the g i has been introduced in (39) . With the dilaton (36) and scale factors given by (78)-(80), the explicit forms of ρ introduced in (32) and g i can be derived and then the integrals of X i and φ 1 (37) can be computed. In this Bianchi-type the q 2 constant of (41) is given by
Keeping in mind the condition q 2 = 0, one could choose any value for the p i and n. For example, with the special choice of parameterization as p 1 = p 2 = p 3 = n = 1 the g i and ρ are given as following
Now, using the (37), (42) and (81)- (83), the α ′ -corrections of metric and dilaton in both scheme can be found in this special choice of parameters. The detiled answers are given in Appendix C through (223)-(226).
Bianchi-type III
Here, as a general feature of the Bianchi-type of class B, the β-function equations are subject to a constraint equation where in this case the (0, 3) component of β-function equations of metric imposes it as following
which essentially imposes the conditions of a 1 = a 3 and X 1 = X 3 . The β-function equations of B-field (7) and (8) vanish with the choice (19) in the zeroth order of α ′ . But at first order of α ′ , despite of the A class, in the B class models they do not vanish. However, they will be vanished automatically by imposing the conditions that resulted form the constraints equations.
The Bianchi-type dependent termsV of III model are given as followinĝ
With this form of potentials, the β-function equations (38) lead to the following equations at the zeroth order [7] (ln a
(ln a
and at the first order of α ′ give
Solutions of (94)-(96) are given by [7] 
The equations of (97)-(99) admit the following solutions
where the Q 3 and Q 4 are constant. Here the q 2 constant (41) is given by
As the other Bianchi-types, the g i terms in the answer of metric corrections (102), (103) and ρ in dilaton (37) can be derived by substituting the zeroth order solution of scale factors and dilaton. For example, with p 1 = p 2 = n = 1 they are given by
The explicit answers for X i , ξ i and φ 1 with this parameterization can be found in appendix C through (227)-(230).
Bianchi-type IV
For this type the constraint equation is
where in the zeroth order of α ′ leads to the following condition
So, all solution in zeroth order of α ′ is singular and because of this inconsistency in one-loop order, we abandon its two-loop calculations. 
This equation in zeroth order of α ′ implies
and its first order of α ′ will be discuses afterward. The potential terms in this Bianchi-type are given bŷ
With this form of potentials, the β-function equations (38) give the following equations in the zeroth order of α ′ [7] (ln a
The general solutions of (119)-(121) are as following [7] 
Now, the g i terms (39) can be derived. The general solutions admitted by(122)-(124) are as following
Here, the q 2 (41) is given by
With the above solutions, the first order of α ′ of the constraint equation (110) imposes q = 0. This leads to g 1 = g 2 = g 3 and therefore, with ignoring integrating constants, X 1 = X 2 = X 3 . Hence, the Bianchitype V model which was allowed to be anisotropic from the leading order β-function solution point of view, is constrained to be isotropic in the solution of two-loop β-function equations. However, an anisotropy may appear because of the integrating constants of (128)-(130), but it can be removed by a redefinition or a shift of time. Generally, with q = 0 the g i (39) and ρ (32) are given by 
A detailed solution with p = n = 1 is given in appendix C in (230)-(232).
Bianchi-type V I −1
In this Bianchi-type case, the (0,1) component of β-function equations of (6) imposes the following constraint
Its zeroth order requires the condition a 3 = a 1 and imposing it leads to vanishing of the first order constraint equation, automatically. Moreover, the Bianchi-type dependentV terms are given bŷ
With these form of potentials and a 3 = a 1 condition, the β-function equations (38) in zeroth order give [7] (ln a
The solutions of (141) 
and (143)-(145) admit the following solutions
The q 2 constant in this Bianchi-type is given by
For example with p 1 = p 2 = n = 1 we have 
Unfortunately, there are not a clear results for the first integral of (148).
Bianchi-type V II 0
Here, there is no constraint equation and the Bianchi-type dependentV terms are given bŷ 
With these potentials, at leading order of (38) , no general solution has been found unless by setting a 1 = a 2 [7] . In this case, all the V terms will vanish and the equations will be reduced to the Bianchi-type I set. Consequently, the solutions can be retrieved from there.
Bianchi-type V III
For space-time of V III type theV terms are given bŷ 
16 11a
With this form of potentials, the β-function equations (38) recast in the following forms in the zeroth order [7] (ln a
and in the first order of α
General solutions of (168)-(170) are given by [7] 
and the (171)-(173) admit the following general solutions
Again, the g i (39) and ρ (32) of this Bianchi-type are obtained by using the (36) and (174). Then, the appeared integral in ξ 4 (42), φ 1 (37) and the above X i could be calculated. In this Bianchi model the q 2 constant (41) is given by
and for consistency in the solution of ξ 4 (42), any set of parameterization for p i and n should satisfy q 2 = 0. Because of the dense form of g i and ρ terms, here we present an example with a choice of parameters p 1 = p 2 = n = 1 as following
(178)
(179)
A detailed form of metric and dilaton corrections for this choice of parameters is given in appendix c in (233)-(236).
Bianchi-type IX
TheV terms of in Bianchi-type IX case are given as followinĝ
With this form of potentials, the β-function equation of metric (38) will be, respectively in the zeroth and first order of α ′ , as following
General solutions admitted by the zeroth order are given by [7] 
and solutions of first order are given as following
In this Bianchi-type the q 2 in (41) is given by
Now, using the (187) and (36) the g i (39) and ρ (32) can be derived and then by performing the integrals of (37), (42), (188) and (189) the corrections of dilaton and metric in this Bianchi-type are found. Here, as an example, we present a g i and ρ with special choice of parameters as n = 1 and p 1 = p 2 = p, where the q 2 = 0 condition requires p = √ 3/3.
The string frame Ricci scalar of this IX model with scale factors of (187) is given by R = 3 2 A . Therefore, if the A is assumed to be a very small constant, for example of order α ′ , the model will be in the high curvature limit forever. Also, according to the given discussion in the last paragraph of section 3, the kinetics of dilaton and B-field will be high as well and the α ′ -correction had to be taken into account.
Some Physical Properties of an example in the Bianchi-type IX
Avoiding of dense mathematical results, as an example we set n = 1 and p 1 = p 2 = 1 and present the resulted forms of X i , φ 1 and the lapse function ξ 4 in appendix C in (237)- (240). In this subsection, we are going to investigate the physical behavior of this example. In this Bianchi model with the given scale factors (187), transforming from τ to cosmic timet by (64) and finding the τ in terms oft, as we have done for the Bianchi-type I in (65), is not straightforward. Hence, we rewrite the time derivatives in the physical quantities in terms of τ derivatives. With the following relation between the cosmic time and τ
up to first order of α ′ we havė
In this chosen parametrization, the leading order solution of IX (187) is an isotropic model withȧ < 0 and a < 0. Hence, it describes a decelerated contracting universe with an initial singularity and no inflation [7] . Considering the two-loop β-function equations solution, the α ′ -corrected scale factors (27) with their correction given by (237) and (238), with setting A = 1.5 α ′ , Q 1 = 2, Q 3 = 10, Q 4 = −1.8, Q 5 = 5, Q 6 = −1.2, c 1 = −0.1, c 2 = 1 and ϕ 0 = 230, give rise toȧ i > 0 andä 1 > 0,ä 3 > 0 but theä 2 changes sign such thatä 2 < 0 near τ = 0 and then turn toä 2 > 0, such a way thatä > 0.
7 Consequently, the solution of two-loop β-functions in this case of IX model describes an expanding universe which is decelerated at first but then becomes accelerated and there is no collapse to a singularity in the future.
The possibility of recollapse in the Bianchi-type IX can be well understood by the weak energy condition. It is worth considering whether this condition in our solution is satisfied or not. We need to analysis the equation [51] 
where R (3) is the scalar curvature of 3-dimensional homogeneous hypersurface, n µ is a time-like vector, the intrinsic curvature k = ȧ i /ā i and the weak energy condition requires T µν n µ n ν > 0. Unlike the other Bianchi models, the R (3) may become positive in Bianchi-type IX and hence the k can pass zero and it is possible for an expanding universe of this type to recollapse. But with a negative R (3) , a change in the sign of k is not allowed and an expanding model will expand forever. Here, in our example, the R (3) vanishes in zeroth order and is negative in the first order of α ′ . Therefore, being no change in the sign ofȧ satisfies the weak energy condition. Furthermore, as we have discussed in the Bianchi-type I, the strong energy condition requires thė k +k 2 < 0. Here, the violation of this energy conditions, which is necessary for avoiding the initial singularity [52] , occurs soon after τ = 0 byä > 0 in both f = ±1 schemes.
In this example, an isotropic parameterization for the zeroth order metric has been chosen. However, the α ′ -corrected metric is anisotropic even if one ignores the constants of integration. However, the anisotropy measured by the mean anisotropy parameter A m = (Hi−H) 2 H 2 increases at early times but then decreases as time goes on, and the decrease rate is faster in f = 1 scheme.
Conclusion
The anisotropic homogeneous space-times have been emerged in the context of string cosmology during the search of backgrounds for describing the early universe evolution. In this work the two-loop (order α ′ ) β-function equations with dilaton and B-field on the anisotropic homogeneous space-times, taking into account the two particular cases of RS which are called R 2 and Gauss-Bonnet schemes have been investigated. General forms of two-loop β-function equations in terms of the Hubble coefficients, dilaton and B-field are derived in both RS. Then, the solutions in the all Bianchi-type space-times with zero Λ are computed and then the metric, dilaton and axion field are found with perturbative α ′ -corrections. The basic forms of the first α ′ order solutions have been given in certain integral terms in the all models. Because of mathematical complexity and dense results of the integrals, for obtaining an explicit answer for the first α ′ order corrections, fixed value for the arbitrary constants of zeroth order solutions should be chosen. Nevertheless, the integral forms are strongly applicable in every chosen parameterizations of zeroth order as needed for any physical purposes. A sample example of any Bianchi-type with a specific parameter is presented.
Especially, the behavior of the α ′ -corrected answers in the Bianchi I and IX models have been investigated. In the Bianchi I model in an isotropic example, the decelerated expanding behavior of leading order solutions are modified in the two-loop solutions and the α ′ -corrected answers describe a universe which starts decelerated expanding and then turns to an accelerated expanding phase and then with leaving the high curvature limit, reaches to the leading order solution behavior. The accelerated phase violates the strong energy condition and may describe an inflationary phase. In the Bianchi IX model, as a special example, an isotropic case of leading order solution is selected which describes a decelerated contraction. The α ′ -corrected model of IX (with choosing a set for arbitrary constants) describes an expanding universe which is decelerated in early times and then becomes accelerated violating the strong energy condition. Although an isotropic parameterization for the leading order has been chosen, the first order correction brings about an anisotropy that decreases as time passes. Also, the condition of the recollapse possibility in the Bianchi-type IX model is investigated and showed that being no recollapse in the selected solution satisfies the weak energy condition. Beside it, considering this solution in an inflationary framework, no premature recollapse can occur. In both selected Bianchi-type I and IX, the α ′ -corrected solutions of two-loop β-functions in the both Gauss-Bonnet and R 2 schemes with B-field contribution are capable to well describe the accelerated expansion of the universe.
The leading order solutions have had an initial singularity with no inflation [7] . We found that the α ′ -corrected solutions of two-loop β-function equations in the selected Bianchi-type I and IX model in the Bianchitype I and IX model avoid singularity in the violation of strong energy condition context and satisfies the weak energy condition. It has been shown in [55] that including only the α ′ -correction of Gauss-Bonnet multiplied by a dilaton field to the leading order effective action does not violate the energy conditions and hence it can not lead to a singularity-free solution. Therefore, the violation of strong energy condition in our selected solutions in Bianchi-type I and IX models may be interpreted as a result of contribution of the B-field.
Usually, in the recent studies the solutions of the corrected action field equations with dilaton and modulus fields have been investigated where the field strength of the B-field has been taken to be zero for simplicity [56] . In this work, we have considered the two-loop β-functions with the contributions of dilaton and B-field (with nonzero but constant field strength tensor magnitude), where in the presence of B-field a RS dependence appears. Noting the equivalence of the β-function and the equations of motion of the α ′ -corrected effective action, the solutions of β-function equations, beside securing the conformal invariance up to two-loop, are higher derivative quadratic gravitational action solutions in the Einstein frame. The dilaton and a B-field will appear as an effective matter in the field equations. Hence, from the Einstein frame point of view, our solutions are solutions of quadratic curvature gravity with effective matter associated with the dilaton and B-field, where the B-field part is capable of violating the strong energy condition. In [7] the magnitude of the field strength tensor of B-field, A, have relation with the anisotropy through the initial value equation. But here, a different solution for the zeroth order of dilaton (36) has been chosen which result in the elimination of A from the initial value equation constraint (41) . Then, taking advantageous of the arbitrariness, being in the high curvature and high kinetics limits as the necessary condition for including the α ′ -corrections in the action is prescribed by the magnitude of A such that it is required to be of order α ′ . Moreover, in the Bianchi-type V model, it is observed that although the leading order solution allows an isotropic metric, the two-loop solutions restrict the α ′ -corrected metric to be isotropic in its zeroth and first order. The detailed behavior and cosmological implications of these Bianchi-type models would be investigated in another work. Table 1 : Bianchi-types, their Lie algebras and left invariant one forms.
Where in the above table, the {σ i , i = 1, 2, 3} are non-coordinate basis and their dual are {σ i , i = 1, 2, 3}. The relation between coordinate and non-coordinate basis is given by σ i = e α i (x) dx α . Hence, the non-zero 
where the dot symbol stands for derivative with respect to t and the connection coefficients are given by 
Appendix B
In this appendix, for instructive purposes, we are going to write the given calculation in the sections 3 and 4 with more details for an isotropic example, i.e. a 1 = a 2 = a 3 , in the Bianchi-type V . In this case, using (198)-(199) and the metric (17) (along with (18)) we have 
The constant terms in the Riemann and Ricci tensors and connection coefficients are related to the structure constants f k ij , which differ in the Bianchi models and contribute in the Bianchi dependent terms, V , that have been introduced in the section 3. The other terms in (201) are independent of the structure constants and appear in all Bianchi-type, taking part in Bianchi independent terms K. In this isotropic case the β-functions of (6) and (12) 
1 α ′β φ = −2φ −φ 2 − 3 (2φH 1 + V 
Now, the equation of (204) with using (202) and (203) can be rewritten in the following form
φ + 3V
(2) 1
By a time redefinition (29) and using the following relations for any function B B ′ = a 
the (206) recast the following form
where we have used the hatted symbols for the terms in τ coordinate with a a 6 1 e 2φ factor which are obtained from (205) by using (207). Now, using the α ′ expansions of (26)- (28) and the series expansion of e φ up to first order of α ′ as following
the (208) equation leads to the equations (30) and (31) in the zeroth and first order of α ′ . Their solutions have been given in (36) and (37) . For obtaining the ξ 4 -containing term in the (37) the following relation, which is obtained by integration by part, has been used 1 n tanh(nτ ) (nτ tanh(nτ ) − 1) 2n 2 ξ 4 cosh 2 (nτ ) + n tanh(nτ )ξ 
with
φ +V (2) 1
where we have used the following relation for rewriting the H i in the τ coordinate up to the first order of α
The solutions of equations (211) 
